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ABSTRACT

Given nonzero commuting tripotent matrices T,,T, and T,,i.e,, T° =T, and T;T; =

T;Ti, i,j =1, 2, 3, the problem of characterizing all situations, in which a linear combination
A =cT +c,T, +c,T, where c,c,,c, e C\{0}is an idempotent matrix, is studied.
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INTRODUCTION

The symbols C and M (C) are used to denote the sets of complex numbers
and nxn complex matrices, respectively. It is assumed throughout that
a,,8,,a, € C are nonzero complex numbers and T,,T,,T, € M (C) are nonzero
commuting tripotent complex matrices of order n, i.e., Ti3 =T,, and
T,T, =T,T,,i, j=1,2,3.The purpose of this note is to characterize all situations in
which a linear combination of T,,T, and T, of the form

A =aT,+aT + a,l,

is also an idempotent matrix. A similar problem, concerning the question of when a
linear combination

T=cT +¢,T,

of nonzero tripotent matrices T, and T, e M, (C) and c,,c, e C\{0} is tripotent, has
been solved by Baksalary et al. (2004). From their theorm it follows that the linear
combination of tripotent T =c,T,+ c,T, , where T, and T, are tripotent, is tripotent.
Further results concerning the idempotency of linear combinations of matrices are
given in (Baksalary and Baksalary, 2000; Baksalary et al., 2002). A very useful
property of a tripotent matrix is that it can uniquely be represented as a difference of
two idempotent matrices B, and B, which are disjoint in the sense that

B,B, =0 and B,B, =0 (Baksalary, 2004)
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MAIN RESULTS

As already pointed out, the main result of this paper provides a complete
solution to the problem of characterizing situations, in which a linear combination of
three tripotent matrices is idempotent.

Lemma 1. (Baksalary et al., 2002). For nonzero c,,d, € C and nonzero tripotent
matrices T,,T € M, (C) satisfying the commutativity property T,T = TT,, let A be
their linear combination of the form A = ¢,T, +d,T . Under the assumption that
T=T,and T,=-T, the matrix A is tripotent if and only if one of the following
conditions holds:

(@ ¢, =1 d,=-1orc,=-1 d, =1 and T/T =T,T?,

(b) ¢, =1, dy=-2 or c,=-1,d, =2 and T/T =T =T,T?,
() c,=2,d,=-1orc,=-2,d,=1and T/T=T,=T,T?,
(d) ¢, =1, d,=1or c,=-1 d, =-1 and T/T =-T,T?,

() c,=1d,=2 orc,=-1,d,=-2 and T/T =T =-T,T?,

(f) c,=2,d,=1o0rc,=-2, dy=-1 and T/T =-T, =-T,T?,
1 1 1 1 1 1
9) ¢, =3 d, =3 or ¢, =5 d, ==3 or ¢, == d, =3 or

1 =—%and T2T =T, T,T?=T,.

Co=—
From Lemma 1 we have equation A=c,T, +d,T. Let T be a linear
combination T =cT, +¢,T, of nonzero tripotent matrices T,,T, e M (C) and
¢,.¢, € C\{0} the combination of tripotent matrices c,T, +c,T, is also a tripotent
matrix when c,c, follows as the condition (a) to (g) of Lemma 1. We will bring T to
replace in the linear combination of A=c,T, +d,T and so we can get the equation as
follows:
A=c,T,+d,T
=C,T, +dy(c T, +C,T,).

@)

By substituting T =c,T, +¢,T, in the linear combination of the form A=c,T, +d,T,
we have the following theorem.
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Theorem 1. For nonzero c,,c,,cC,,d, € C, and nonzero tripotent matrices
T,.T,, T, e M, (C) satisfying the commutativity property, let A be their linear
combination of the form

A=c,T,+d,(cT, +c,T,).

Under the assumption that T, = (c,T, + ¢,T,) and (c,T, + c,T,)#—T,, the matrix A
is tripotent if and only if:
(@ c,=1d,=-1c,=1c,=-1or c,=-1d,=1c =-1c,=1 and

T2 (T, + ¢,T,)=Ty(cT, + c,T,)%

(b) ¢, =1d,=-2,c,=1c,=-2 or ¢, =-1,d,=2,c,=-1,¢c,=2 and
TZ2(cT, + c,T,)=(cT, +cT,)=T,(cT, + c,T,),

(c)c,=2,d,=-1¢, =2,c,=-1or ¢,=-2,d, =1,¢,=-2,c,=1 and
T2 (T, + ¢T,) =T, =Ty(cT, + c,T,)%

(d) c,=1d,=1c=%c,=10rc,=1d,=-1c =-1c,=-1and
TZ(cT, + c,T,)=-T,(cT, + c,T,)%,

(e) ¢,=1d,=2,¢c,=1c,=2 or ¢, =-1,d,=-2,c,=-1,c,=-2 and
T2 (T, + ¢,T,)=(cT, + ¢,T,)=-T,(cT, + c,T,)’,

(f) ¢,=2,d,=1c,=2,c,=10rc,=-2,d,=-1,¢, =-2,¢c, =-1 and
TZ(cT, + c,T,)=-T,=-T,(cT, + c,T,)%,

1 1 1 1 1 1 1 1
9 c, :E'do :E'CFE'CZ =5 or ¢, =E,d0 =—§,cl:5,c2 =5 or
1 1 1 1 1 1 1
C, :_E’do ZE'Clz_E'CZ =3 or ¢, :_E’do =—E,clz——,c2 =5 and
T,

To2 (C1T1 + Csz) = (C1T1 + Csz)- To (C1T1 + Csz)z =

Theorem 2. For nonzeroa,,a,,a, € C, and nonzero tripotent matrices
T,. T, T, e M, (C) satisfying the commutativity property, let A be their linear
combination of the form
A=a T, +aT +a,T,
where T, #T,and T, # —T, Then the matrix A is tripotent if and only if one of the
following conditions holds:
(@ a,=la =-lLa,=-1lora,=-lLa =-la,=1and
T2(T,-T,)=T,(T,-T,)° =-T (T, -T,),

(b) a, =18, =-2,a,=4 or a, =-1,a =-2,a,=4 and
To (T -2T,) = (T, - 2T,) =Ty (T, - 2T,)",
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(c) a,=2,8 =-2,a,=1or a,=-2,a =-2,a, =1 and
Toz (T, -T) =T, =T, (T, _Tl)zl
(d) a, =18 =La,=1or a,=-1a =La,=1and T (T, +T,) =—T,(T, +T,)°,
(e) a,=1a =2,a,=4 or a,=-1,a =2,a,=4 and
T2, +T,)=(T,+T,)=-T,(T, +T,)?,
(f) a,=2,4=2,a,=10r a,=-2,8 =2,a,=1 and
TZ(2T,+T,)=-T, =-T2(2T, +T,),

(9) a 12t a —lor _La-d a —land
0 2131 2277 a 2131 2277
1 1 1 1 1 1
To2 (ETl +§T2) = (ETl + ETz)v To (ETl +ET2)2 :TO‘
Proof. Let

A=c,T,+d,T where T =cT, +c,T,. (3)
Direct calculations show that A of the form (1) is tripotent if and only if
3T, +3¢2d, T/T +3¢,d.T, T2 +d.T =¢, T, +d,T
or
(3 —c,)T, +3c2d, T/T +3c,dT,T? +(d2 —d,)T =0. (4)
Substituting T =c,T, +c,T, to (4) we have
(Cg - Co)To + ?’ngo-ro2 (ClTl + Csz) + 3Codg-ro (ClTl + Csz)Z + (d03 - do)(C1T1 + Csz) =0.
5
By (3), we can rewrite equation: ©
A=c,T,+d,T
=Coly +dy (T, +¢,T))
=c,T, +d,cT, +d,C,T,.
Let a, =c,,a =d,c and a, =d,c,. Thus
A =gl +al + aT, (6)
By Theorem 1 together with (5) we consider the following case:
Case (i). ¢, =1,d,=-1,¢,=1c,=-1 and T2(cT, + ¢,T,)=T,(cT, + c,T,)?
_3T02 (Tl _Tz) + 3To (Tl _Tz)z =0,
_T02 (Tl _Tz) +To (Tl _Tz)z =0,
_Toz (Tl _Tz) +T02 (Tl _Tz) =0.
Case (ii). ¢, =-1,d, =1,c,=-1,c, =1 and T2 (c,T, + C,T,)=T,(cT, + C,T,)’,



NU Science Journal 2007; 4(S1) 37

3T02 (Tz _Tl) _3To (Tz _T1)2 =0,

To2 (Tz _Tl) _To(Tz _Tl)z =0,

To2 (Tz _Tl) _T02 (Tz _Tl) =0.
In this case, we have a,=1,a =-1,a,=-1or a,=-1,a =-1a, =1 and
To2 (Tl _Tz) :TO(Tl _T2)2 = _T02 (Tl _Tz)-
From (b) to (g) the proofs are similar to (a).

By Baksalary (2004), the tripotent matrix A, in Theorem 2, can uniquely be
represented as a difference of two idempotent matrices A and A, which are disjoint

in the sense that AA, =0 and A,A =0.Thus, A=A — A, where A and A, are
idempotent matrices.

Given two different nonzero idempotent matrices A and A,, let C be their
linear combination of the form
C=cA+(-C)A (7
Direct calculations show that, in view of C* =C, a matrix C of the form (7)
C=cA+(-C)A
C*= Cleiz —2CC,AA + szAz2
CA +(-C)A, =CA —2CC,AA +C A
(Clz _Cl)A12 —2C,C,AA, + (C'j + Cz)Az2 =0.
Then, in view of the Theorem (Baksalary et al., 2004), there is one case such that the
matrix C =c,A +c,A, (now equal to C=cA +(-c,)A,) is idempotent where

¢ =1c,=1 AA=0=AA (8)
Hence A is an idempotent matrix, under this condition, criterion (8). The proof is
complete. O

Corollary 1. For nonzero c,d, € C and nonzero tripotent matrices
T,. T, T, e M, (C) satisfying the commutativity property, let A be their linear
combination of the form
A=aT,+aT +a,l,, a,a,a, cC,
where T, #T, andTi=-Tj, Vi, j=1,2,3.Then:

(a) in case where TT, =0,Vi, j=1,2,3. amatrix A is tripotent if and only if
(3,3,,3,) {111, 0, -1,1),(-1,-1,1), (-111)},

(b) incase T,T =T, where T =cT, +c,T, a matrix A is tripotent if and only if T is
idempotent and (a,,a,,a,) €{(1,-1,1),(-1,-11),(-1,-2,4),(-1,-2,4)}, or T is
idempotent and (a,,a,,a,) €{(1,11),(-111),(1,2,4),(-1,2,4)}, or T, is idempotent
equal to T and the pairs (a,,a,,a,) are as in Theorem 2(g),
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(c)incase T,T =T,, where T =cT, +c,T, a matrix A is tripotent if and only if T,
is idempotent and (a,,a,,a,) e{(1,.-11),(-1,-11),(2,-2,1),(-2,-2,1)},0r —T, is
idempotent and (a,,a,,a,) €{(1,1,1),(-111),(2,2,1),(-2,2,1)}, or T is idempotent
equal to T and the pairs (a,,a,,a,) are as in Theorem 2(g).

Proof. It follows directly from Theorem 2. It seem interesting to show that k must be
less than 3 when ¢, and c, are restricted to be real numbers.

O

Theorem 3. Let ¢, and ¢, be nonzero real numbers. Let A and B be nonzero
complex matrices and ¢, A+c,B=C satisfy A*=A B*'=B,AB=BA, A=B,and
C? =C. Then B is idempotent or tripotent matrix.

Proof. Let A be tripotent and B be k-potent. If ¢,A+c,B is idempotent, then
cA+c,B=c(A-A)+c,B,  (by[4 p.22])
= (clAi _clAz) + CzB
=(c,A +dA)+c,B (where d =c,)

=CA + (dA, +¢c,B).
By Corollary (Benitez and Thome, 2005), B must be idempotent or tripotent.

If B is an idempotent matrix, then ¢, A + (dA, +c,B) is idempotent. From
Theorem (Baksalary et al., 2004), asserts that there are d,c, such that (dA, +¢c,B) is
idempotent. Now, let E = (dA, +c,B) be idempotent. From Theorem (Baksalary et
al., 2004), we can find some scalar k,,k, such that k, A +k,E is idempotent. Thus,
there exist some scalars for which the combination of A and B is idempotent.

If B is a tripotent matrix, then c, A + (dA, +c,B) is idempotent. From
Theorem (Baksalary, 2004), asserts that there are d,c, such that (dA, +c,B)is
idempotent. Now, let Q = (dA, +¢,B) be idempotent. From Theorem (Baksalary et
al., 2004), we can find some scalar 1,1, such that LA +1,Q is idempotent. Thus,

there exist some scalars for which the combination of A and B is idempotent.

U
Corollary 2. Let A, B and C be nonzero complex matrices. If one of Aor B or C is
idempotent (or tripotent) and the combination A, B and C is idempotent (or tripotent),
then the others matrices must be idempotent (or tripotent).

Proof. It follows directly from Theorem 3. O
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